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XXV. Of Cubic Equations and Infinite Series.
By Charles Hutton, LL.D. F. R. §.

Read June 1, 1780.

B VHE following pages are not to be underftood as in-

tended to contain a complete treatife on cubic
equations, with all the methods of folution that have
been delivered by other writers; but they are chiefly
eraployed on the improvements of fome properties that
were before but partially known, with the difcovery of
feveral others which to me appear to be new and of no
{mall importance: for I have only {lightly mentioned
fuch of the generally known properties as were neceffary
to the introduction or inveftigation of the many curious
confequences herein deduced from them.

Art. 1. Every equation, whofe terms are exprefled in
fimple integral powers, has as many roots as there are
dimenfions in the higheft power. And when all the
terms are brought to one fide of the equation, and the
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388 Dr. nuTTON o1 Cubic Equations

coefficient of the firft term or higheft power is +1,
then the coeflicient of the fecond term is equal to the
fum of all the roots with contrary figns; the coeflicient
of the third term is equal to the fum of all the produéts
made by multiplying every two of the roots together; the
coefficient of the fourth term, to the fum of all the pro-
du&ts arifing from the multiplication of every three of
the roots together; &c. and the laft term, equal to the
continual produc of all the roots; the figns of all of
them being fuppofed to be changed into the contrary
figns before thefe multiplications are made.  All this is
cvident from the generation of equations. And frem
thefe properties of the coefficients the following de-
ductions are eafily made.

2. If the figns of all the roots of an equation be
changed, and another equation be generated from the
fame roots with the figns {o changed; the terms of this
laft equation will have the fame coeflicients as the for-
mer, only the figns of all the even terms will be changed,
but not thofe of the odd terms: for the coefficients of
the fecond, fourth, and the other even terms, are made
up of produéis confifting each of an odd number of fac-
tors; while thofe of the third, fifth, and ather odd terms
are compofed of products having an even number of

factors: and the cbange of the figns of all the factors
3 produces
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produces a change in the fign of the continual produét
of an odd number of fators, but no change in the fign
of that of an even number of fa&ors. Wherefore,
changing the figns of all the even terms, namely, the
fecond, fourth, &c. produces no alteration in the roots,
but only in their figns, the pofitive roots being changed
into negative, and the negative into pofitive. But by
changing any or all the figns of the odd terms, the equa-
tion will no longer have the fame roots as before, but
will have new roots of very different magnitudes from
thofe of the former, unlefs the fign of the firft term
or higheft power is changed alfo; but this term is always
to be {fuppofed to remain pofitive.

3. It alfo follows, that when any term is wanting in
an equation, or the coefficient of any term equal to o,
the fum of the negative produéts in the coefficient of
that term is equal to the fum of the pofitive produéts in
the fame. And if it be the fecond term which is want-
ing, then the equation has both negative and pofitive
roots, and the fum of the negative roots is equal to the
{fum of the pofitive ones. But if it be the laft term
which is wanting, then one of the roots of the equation
is equal to nothing. And hence arifes a method of tranf-
forming any equation into another which fhall want the
fecond term: and to this latter ftate it will be proper to

Fff2 transform



390 Dr. HUTTON on Cubic Equations
transform every cubic equation before we attempt the
refolution of it.

4. Let therefore x° + px = ¢ be fuch a cubic equation
wanting the fecond term; where p and g reprefent any
numbers, pofitive or negative.

5. Now from the premifes it follows, that this equa-
tion has three roots; that fome are pofitive, and others
negative; that two of them are of one affection, and are
together equal to the third of a contrary affection,
namely, either two negative roots, which are together
equal to the other pofitive, or two pofitive roots equal te
the third negative.

‘6. But the figns of the three roots are eafily known
from the fign of the quantity ¢; the fign of the greateft
root being the fame with the fign of 7 when this quan-
tity is on the right-hand fide of the equation, and the
other two roots of the contrary fign. For when ¢ is on
the {fame fide of the equation with the other terms, it has
been obferved, that it is always equal to the continual
product of all the roots with their figns changed; confe-
quently ¢ is equal to the product of all the roots under
their own figns, when that quantity is on the other or
right-hand fide of the equation: but the produt of the
two lefs roots is always pofitive, becaufe they are of the

fame affection, either both + or both —; and therefore
I this



and Infinite Series. 391

this produé, drawn into the third or greateft root, will
generate another product equal to g, and of the fame
affection with this root. |

7. But the roots of equations of the above form are
not only pofitive, negative, ¢ nothing, but {fometimes.
alfo imaginary. We have fo 1d that the greateft root is.
pofitive when ¢ is pofitive, and negative when it is nega-
tive; as alfo that one root is = to o when ¢ is = o, and in
this cafe the other two roots muft be equal to each other,
with contrary figns. But to difcover the cafes in which
the equation has imaginary roots, as well as many other
properties of the equation, it will be proper to confider:
the generation of it as follows.

8. The roots of equations becoming imaginary in
pairs, the number of imaginary roots is always even;
and therefore the cubic eqﬁation has either two imagi-
nary roots, or none at all; and confequently it has at
leaft one real root. Let that root be reprefented by 7,
which may be either pofitive or negative, and may be
any one of the real roots, when none of them are ima-
ginary: then fince any one of the roots is equal to the
fum of the other two with their figns changed, the other
two roots may be reprefented by — ;7 = {ome other
quantity, fince the fum of thefe two, with the figns
changed, is =7. Now this fupplemental quantity, which

is
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is to be connefted with — ;7 by the figns + and ~ to
compofe the other two roots, will be .a real quantity
when thofe roots are real, but an imaginary one when
they are imaginary, fince the other part (-3 ) of thofe
two roots is real by the hypothefis. Let this fupplemen-
tal quantity be reprefented by e when it is real, or ev/—1
or v/—¢* when it is imaginary : we fhall ufe the quantity
¢ in what follows for the real roots; and it is evident,
that by changing e for ev/~1, or ¢* for —¢*, that is, by
barely changing the fign of ¢* wherever’it is found, the
expreflions will become adapted to the imaginary roots.
Hence then the three roots are reprefented by 7, and
— 17+ ¢ and — ;7 — e ; and confequently the three equa-
tions, from whofe continual multiplication by one ano-
ther the cubic equation is to be generated, will be
x-r=o,andx + ir—e=o,andx + ;7 +e=o.

9. Let now thefe three equations be multlplxed
together, and there will be produced this general cu-
bic equation wanting the fecond term, namely,
WX x-r. =0, or s Xw=r.;r - ¢, hav-
ing three real roots; and if the fign of ¢* be changed
from — to +, it will then reprefent all the cafes which
have only one real and two imaginary roots: and from
the bare infpection of this equation the following pro-

pertics are eafily drawn,
10. Firf?,
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10. Firft, we hence find, that when the equation has
three real roots, the {ign of the {fecond term is always —
for the coeflicient of that term, or p is= - }r*—-¢,
which is always negative when 7 and e are real quanti-
ties. And confequently when p is pofitive, the equation
has two imaginary roots, fince —p includes all the cafes
of three real roots. But it does not therefore follow,
that when p is negative, the three roots are always real;
and indeed there are imaginary roots not only whenever
p is pofitive, but fometimes alfo when p is negative: for
fince p is = — 7* — ¢* in all the cafes of three real roats, it
will be p = — 37* + ¢ for all the cafes of two imaginary
roots; and it is evident, that p will be either pofitive or
negative, according as ¢* is greater or lefs than 7°
11. But to find the cafes of —p when the roots are all
real, and when not, will require fome farther confidera-
tion; and in order to that it muft be obferved, that ¢*

ought to be pofitive and lefs than §7*; but the limit be-
tween the cafes of real and imaginary roots is when ¢*=o0,

or ¢ = o; and then p becomes = — 7%, and ¢ = ;7*; con-
fequently then ipl=ir1'= %% which is =ig'=1pF
=& ¢, thatis, when eis = o, then ;F is=Zq', and con-
quently when }-ﬂs is lefs than ;’_az, the equation has two
imaginary roots, otherwife none, the fign of p being —.

Thus
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Thus then we eafily perceive in all cafes the nature of
theroots asto realand imaginary ; namely, partly from the
fign of p, and partly from the relation of pto ¢ for the
equation has always two imaginary roots when p is pofi-
tive; it has alfo two imaginary roots when p is negative,
and 5}7 lefs thangr; in the other cafe the roots are all
real, namely, when p is negative and §p " either equal to
or greater than gl

12. Moreover, when pis = o, the equation has two
imaginary roots; for this cannot happen but by —¢* be-
coming +¢*, in the value of p, and =to 37*; and then

—_— 3 402 2 — __ 3 42 3 2 — — !, e R
p=-3ir+e=-3ir+ir=o, andq_r.zr’+e2—

7.3r+3rt=r.r* = r% and confequently the above

becomes barely x3 = 7*, which therefore, befides one real
general equation root x = 7, has alfo two imaginary roots.
13. Hence alfo it again appears, that the greaicft root

is always of the fame affection, in refpet of pofitive and
negative, with 7 on the right-hand fide of the equation,
they being either both pofitive or both negative toge~
ther; and the other two roots of the contrary fign. For
Af 7 be the greateft root, then is ;7 greater than ¢, and
+7* greater than ¢, and ;7* — ¢ always pofitive, and con-
fequently the product 7. %—F——_;‘, or g, will have the fame
fign with ».  But if » be one of the lefs roots, the con-
trary
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trary of this will happen; for then ;7 is lefs than ¢, and
confequently 37" lefs than ¢*, and {o ;7* — ¢* a negative
quantity,and therefore the product ». ;#* — ¢*, or ¢, will
have the fign contrary to that of 7; that is, g and the lefs
roots have different figns, and confequently ¢ and the
greateft root the fame fign, fince the fign of the greateft
root is always contrary to that of the other two roots.

14. Moreover, when gor 7 . ;7* — ¢ is pofitive, then 7
denotes the greateft root; for then ;7 is greater than ¢*,
or ;7 greater than ¢, and 7 greater than either —;7 + e or
—;7—e.Butwhengorr. 27" — ¢ is negative, then 7 re-
prefents one of the other two roots in the equation;
fince then ¢ is greater than 7, and —# — ¢ greater than
r. Laftly, when ¢ is between the pofitive and negative
ftates, or ¢ =o, then » ought to be neither the greateft
nor one of the lefs roots, if I may fo {peak, that is, two
of the roots are equal, and the third root = o, fince then
7 muftbe = ¢ or ;7 =e.

15. Hence it appears, that the {ign of » determines
the nature of the roots as to real and imaginary, and the
fign of ¢ determines the affection of the roots as to pofi-
tive and negative. Let us illuftrate thefe rules by a few
examples.

16. The equation x* — gx = 10 has all its three roots
real, becaufe p = — g is negative, and -;-7)]’: 3’=27is

VoL. LXX. Ggg greater
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greater than 2gl, which is = 5* = 25 and the greateft of
the roots is pofitive, becaufe ¢ = 10 is pofitive; and the
two lefs roots negative.

17. The equation x* — 9 x = — 10 has the fame three
real roots as the former, but with the contrary figns, the
fign of the greateft root being now negative, becaufe
q = — 10 is negative.

18. But the equation x* + gx = =10 has only one
real root and two imaginary roots, becaufe p = g is pofi-
tive; and the fign of the real root is + or — according
as the fign of gor 10 is + or'-.

19. The equation ¥* + 6x = =10 has alfo two imagi-
nary roots, and one real root, which is + or — as it is
+10 or —10, for the fame reafon as before.

20. The equation x* — 6 = =10 has alfo two imagi-
nary roots,bccaufe—ﬂ = o3 =8islefsthan 1q" =5* = 25-

21.But the equation x* — 12x = = 16 has all its roots
real, becaufe‘_l 41 =641is = 14! = 8" = 64.

22. And the equation x* + 125 = %= 1 6 has only one
real root, becaufe p = + 12 is pofitive.

2.3. Let us now confider the other properties and rela-
tions of the roots arifing from certain affumed relations
between ¢ and 7, and from confidering e cither as real,
imaginary, or nothing, that is ¢* as pofitive, negative, or

nothing.
24. When
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24. When ¢ is a real quantity, the general equation
is 43 3'x = r. 17* — &, and all the roots are real,

25. When e is imaginary, the general equation is
835N x=r. "%‘;T:‘;z, and two of the roots are imaginary.

26. When ¢ is between thefe two ftates, or = o, the
equation becomes x3 — 37*x = 173, and the root 7 =v/4p
=V4q9= 3;;"3; for in this cafe p=3i7% and ¢q=3ir%
Alfo the other two roots = - #= ¢ are each = — 27,

27. Aflume now any general relation between the
voot  and the fupplemental part ¢ of the other two
roots, as fuppofe 7*: e*:: 4:mor &= 1 #°, ore=1rv'n,
where z reprefents either nothing orany quantity whether
pofitive or negative, that is, pofitive when ¢ and all the
three roots are real, or negative when ¢ and two of the

roots are imaginary. Subftitute now %7* inftead of ¢’ in
the generalequationx® ~%"x = 7. ; 7* — ¢*,and that equa-

tion will become X% — 3: rx = —i—f’r’. Here then p =

n

3t ; r3, and confequently the root 7 =

”r, and ¢ =
4.

- — n+3 q . .

3 + - I = 5 exprefled in threedifferent ways.

The other roots, the general values of which are — ;7 =g,
become —irx v/ iri=~lrxlrvn=-irx 1=v'n.

Ggg2 28. Hence
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28. Hence then in an eafy and general manner we
can reprefent any form or cafe of the general equation,
with all the circumftances of the roots, by only taking,
in thefe laft formulee, any particular number for #, either
pofitive or negative, intégral or fractional, &c. As if
# = 1; then the equation becomes x*—7*x =273, or = o,

the value of ¢ =17, the root 7=v/p= /4 = —1—0 , and the

othertwo roots =—17.1=v1=—=17.2and —=ir.o=—7r
and o,
29.1f n = — 1, theequation willbe &° — [ #* & = 173, the

valueof ¢ = : 7’\/~I,th6100t7'"‘q_\/2]§ 2q, and

the other two roots = — 7. 1 =+/1 imaginary.

30. And thus, by taking feveral different values of 7,
pofitive and negative, the various correfponding circum-
ftances and relations of the equation and roots will be
exhibited as in the following table.

Forms
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ﬂ‘

. Valuet of e
§§ é ; V-l:uof Forms of the equation Values of the root r, Viz. r = Ezthcrroots:
= -:u {kr‘/-l-n ﬁ—%ﬂx:—"I‘r’i—?ﬁ: \/"%'—' \V"—"_—f—lli;:/r_i-:.
1 |dizfbry/ e B =Y = — Y0 "_5177; \/‘%_’T = \3/%;7 122/ 412
2 [Fufbry/ | @ — e = — 90 ?T; = \/—‘;: = YU Lxy+n
3 |[+roliry/ 410 A=Yk = — 3 %‘f = \/}: = \‘/%’3 1=24/410]
Y PO VAN DR A R 2 T
s[+8 fpry/48 | w—ye = — g [ X go= VY ey
647 Br/47 | BB —Rre = — §? l:—: = :,"E = \3/-%! =y 49
7 [+6 Y/ +6 . %r'x = — 4§ é—g. i j‘:;: : \:/};: :‘-_L-_1/+6
8145 fry/ 45| #*— ' = — 41 w s — 7 =v+s
ol+alirvte| =t = = | 2=V = YU |y,
10143 lfry/ 43| & — e = — 37 g = \/45 = \3/?;1 iy 43
1 |+2 /42| 23— 3% = — 33 ,% = \/ist = VY Ly
241 iy | B = e | F L= YU |y
i3 %0 Ury/to | x¥— $r = + 37 :Z \/"'?P = \3/‘.‘11 V&3
14 =1 fry/—1| @3 = 3% = + 37 :—; = \/1} = f‘l ; == g/ =1
sl firyma | =t = 440 | H = VY = i ey
6 s firyms | wmge = 440 | 4= VTS Y ey
17 |—4 Bry/—4 | #*+ 37 = + §? 7 = ?-’ = e/LSZ 1 g/ —y
18t g /=5 | 4 3rx = 4§ :': = \/if = {/:‘81 V= /=5
1916 lir/ms | w1k 2% = 430 | 1=V = yihay—s
2 ftrymg | B4t = 0 | =V =y ey
=8l /8| B4 3% = 4 30 5—; = J?SE - 3."161 fi 2= /=8
22 [—9 |f /=g | #+ &% = + 1° '_:P = \/463 - 3/:}_;{ 1 4/—0
3 |lmetiry—iol w1 = e | LSV = g8 ey
23 =l o/ | 23§ = 4 2 ,%;j = \/—; .é/‘:% Ly e
25 |12ty fmia]| A3 4 Y% = 4 P00 1-9}:7: = \/; = \3/“;:'- 1y -
—n | = x’+£—f—"-r‘x =+ f»:»'r’ ::: R =T "
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31. From the bare infpection of this table feveral ufe-
ful and curious obfervations may be made. And firft it
appears, that when ¢ is pofitive, as in all the forms afte1
the 12th, 7 is the greateft root; but when ¢ is negative,
or in all the cafes to the 12th, 7 is one of the lefs roots.
32. In all cafes before the 4th form 7 is the leaft root,

becaufe ‘/’:" 2, or ‘/‘;—I , &c. is always greater than 1;

and in all fuch forms Iq' is lefs than ;5"; but the for-
mer approaches nearer and nearer to an equality with the
latter till the 4th form, where 14" is become = 55’3, and
r is then equal to one of the other roots, becaufe

Vo—1 2 _
— _;—I.

>

33. From hence r becomes the middle root, and.con-
tinuesfotothe 1 2th form, where it becomes equal to what
has hitherto been the greateft root, and the other root
becomes at this place =o0; and igl has decreafed from
the 4th form all the way more and more in refpect of
%7)73, till at this 1 2th form it has become = o, or infinitely
lefs than ?‘?’.

34. From this place » becomes the greateft root, the
fign of 7 changes to +, and 14" again increafes in refpect
of g_.';, till at the 1 3th cafe it becomes again equal to it,
and the two lefs roots equal to each other, like as at the
4th form.

3 35. From
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35. From hence Q‘ becomes greater than }7)]3, and
increafes more and more in refpect of it, till at the 16th
ftep where pis = o, or ; 4" infinitely greater than ;793.

36. From this place the fign of p becomes +, and
14" continually decreafes in refpec of 1p!" to infinity.

37. By help of this table we may find the roots of
any eubic equation &° = px = ¢ whenever we can affign
the relation between v/ p and +/g¢. For fince one root 7 is
nE3el - \3/ 24, and the other two

—
nFEl.p n""3

roots = — Lr. 1 =+ =z, it follows, that if from the

always =

equation ‘”’ = J/;2L, where the two denominators

under the radlcals differ by 4, we can affign the value of
7, the above formula will give us the roots.
38. As if the equation be x%® ~ 18x = —27. Here

p=18, and ¢g=27; then\/‘%fz\/% =+/9=3, and

\3/4:9-_-\3/9.7 = 3 alfo; therefore # + 3 = 8,0r z — 1= 4,

; ich o - —nt3.g
either of which gives 7= 5: confequently, » = i

=820 s4¢ = 3 is the middle root, becaufe 37 o is found

between the 4th and 12th cafes, which are the limits of
the middle roots: and —27. 1 =vVz2==3.1%v5=
4'854102 and 1'854102 are the greateft and leaft

roots. Or, thefe two roots may be alfo found in the fame
manner
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manner from the table of forms, which contains all the
roots of every equation, thus: by a few trials I find

\/ "7 - nearly, and therefore 22957 = 1°8g4 is
20 95 16°957

the leaft root, becaufe here 7 = 17°95 which lies far
above the limit for the leaft roots, which is at the fourth

form, where #z is = 9. And laftly, \/3 o =3 '?41—%5

nearly, and therefore, %;f—“:—;,—; = 4'854 is the greateft

root, becaufe %ﬁ—;g is found between the 12th and 1 3th

forms, which are the limits between which lies the
greateft root of every equation that has all its roots real.
39. Again, let the equation be #° + 2x = 12. Here

p=2, and ¢=12; hence \/‘iz-’-’ =v2p=+4 =2, and
\3/%2; V39=+v/8 =12 alfo; therefore #- 3=2, or
n + 1 = 6, either of which gives » = 5. Confequently,

n—2e¢._29_ 9 _12_
r= sl Y il 2, and the other two roots are

—iraEVer=-1. 12V 5= - 1=V,

40. Butitis only by trials that we find out a proper
value for # in fuch cafes as thefe; and this is perhaps at-
tended with no lefs trouble than the fearching out one of
the roots by trials from the original cubic equation itfelf,
This method of finding the roots would indeed be ef-
fectual and fatisfactory if we had a direct method of

deter~
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determining the value of 7 from the equation , / 5%’5 =
,f/é”—? by an equation under the 3d degree; but by re-
ducing this equation out of radicals, there refults ano-
ther cubic equation of no lefs difficulty to refolve than
the original one. We muft therefore fearch for other
methods of determining the roots; and firft it will be
proper to treat of the rule which is called carRDAN's.

41. Let x° + px = g be the general equation where
# and ¢ denote any given numbers with their figns, pofi-
tive or negative. And let  + y denote one of the roots
of this equation, that is, let the root be divided into any
two parts 2 andy. Hence then ¥ = % + y; which value
of x being fubftituted for it in the original equation
X3 + px = g, that equation will become 2* + 32% + 33§
P EP.I+Y=q0rB + P+ 3. XY HP. Y=
Now on introducing the two unknown quantities % and y,
we fuppofed only one condition or equation, namely,
% +y = &; we are therefore yet at liberty to afflume any
other poffible condition we pleafe: but this other condi-
tion ought to be fuch as will make the equation reduci-
ble to a fimple one, or to a quadratic, in order to obtain
from it the value of % or y: and for this purpofe there
does not feem to be any other proper condition befide

Vo, LXX, Hhh that




404 Dr. HUTTON on Cubic Equations

that which fuppofes 32y to be = — p; and in confe-
quénce of this fuppofition, the equation becomes barely
23+ =¢q. Now from the {fquare of this equation let
four times the cube of 2y = - :p be fubtraéted, and
there will remain 2° — 22%y° +3° = ¢* + % p?% the {fquare
root of which is 23 —93= W; this laft being

added to, and fubtracted from, the equation 23 + * = g,
25 =g+ + 5 =g+ 2V i + 5T,
2 =q-/7+Hp=g-2Vigd +
hence dividing by 2, and extraéting the cube roots, we
z:\s/%q+\/?q- +%—p" X IOr x —3—4—_—{:—3
have , S V3
y=\/;q—\/;qj +-§B x IOr x ——:—;:—
three values of = and y; for every quantity has three dif-
ferent forms of the cube root, and the cube root of 1,
isnot only 1, but alfo — -'—"lzl/:'} or — 1-'-3—/:—3 . Hence then

we have {

r the

the three values of % + y or x, or the three roots of the

R 3 =i =
equation x°® + px = ¢q, are \/'q+\/ﬁ +3p" x 1 or
I+ V— ~/—
2 34V -Vig + T x tor

-l 8B or x - 12 Y3
2

x — LY B or & —li’—‘i—é, where the figns of v—3
2 2

mutft be oppofite in the values of = and y, that is, when

it is “=¥—3in the one, it muft be 1—“_12‘/—_-3 in the other,

otherwife
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otherwife their product 2y will not be = ~3p, as it ought
to be.

42. Or if we put ¢ = 1, and 4 = ;¢, the {fame three
roots will be
Vo +Vb +a + bV + o = the 1ft rootor 7,

— iV b+ Vot @ T=V—3—4/ 6=V +4a . 1+ v—3 the 2d raot,

1St Vit @ . 1+ v—3— 5 b—VEFa . 14 v —3 the 3d root.
43. Or again, the 1t root 7 being
3 ——— T e
o+ Vi +a + Vb -V + @, the other two will be
1r+.___\/b+1/b"+a3 :3'\3/1:-— ;b’+a’:the2dmot,and

N — ————— i/-‘— ——mree
-ir- .._;—3\3/b+ v+ et — -—5-3\3/11- Vb + a° = the 3d root.

44. Or, if we put s =\3/b +Vo £ g% and d=
b - V& + @, the roots will be
s + d = r the 1ft root,
- ‘_4-2’-”’ += "\/—-3 = the 2d root,
AL ’—-“—”-I\/-—g = the 3d root.
4.5 Thefirftof theferootsyory = 5 + d= \/m

+ /b — V& + a*, is that which is called cArRDAN’s rule,
by whom it was firft publifhed, but invented by FER-
REUS. And this is always a real root, though it is not

Hhhe always
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always the greateft root as it has been commonly

thought to be.
46. The firft root r=s5s+d= Vb + VvV + a

+ f/ b-vVE + a3, although it be always a real quantity,
yet often afflumes an imaginary form when particular
numbers are fubftituted inftead of the letters @ and 4, or
pandg. And this it is evident will happen whenever a is
negative and #* greater than &%, or :p! greater than ¢ ;
for then vV/4* + 4* becomes V4 — 4° = \/—ql - :j_ﬂ the
fquare root of a negative quantity, which is imaginary.
And this will evidently happen whenever the equation
has three real roots, but at no time elfe, that is in all the
firt 15 cafes of the foregoing table, wherein g-j?.} is
greater than ;-q’}__:imd p negative; the 4th and r3th only
excepted, when ; ;,-’ is = £ql', and therefore V/4* — 2* = o,
and two of the roots become equal, but with contrary
figns. This root can never afflume an imaginary form
when & or p is pofitive, nor yet when p is negative and
iq greater than ;EV; for in both thefe cafes the quantity
Vb = a* is real, or the fquare root of a pofitive quantity.
And thefe take place after the firtt 13 cafes of the table
of forms, that is, in all the cafes which have only one

-real root. So that this rule of carpaN’s always gives the
root
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root in an imaginary form when the equation has no
imaginary roots, but in the form of a real quantity when
it has imaginary roots.

47. It may, perhaps, feem wonderful that cARDAN’s
theorem thould thus exhibit the root of an equation un-
der the form of an imaginary or impoffible quantity al-
ways when the equation has no imaginary roots, but at
no time elfe; and it may juftly be demanded what can
be the reafon of fo curious an accident. But this feem-
ing paradox will be cleared up by the foliowing confi-
deration. It is plain, that this circumftance muft have
happened either through fome impropriety in the man~
ner of deducing the values of % and y from the two
affumed equations x = 2 + ¥, and 2y = - ;p, or elfe by
fome impoflibility in one of thefe two conditions them-
felves; but, on examination, the deductions are found to
be all fairly drawn, and the operations rightly per-
formed. The true caufe muft therefore lie concealed in
one of thefe two conditions ¥ = 2 + yand gy = =~ ;4. In
the firlt of them it cannot be, becaufe it only {fuppofes
that a quantity x can be divided into two parts = and y,
which is evidently a poffible fuppefition: it can therefore
no where exift but in the latter, namely, 2y = — ;p. Now
this fuppofition-is this, that the produ¢t of the two parts.
% and y, into which the conftant quantity x is divided, is

equal
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equal to 1p withits fign changed.  But this may always
take place when p is pofitive; for then — 1p will be ne-
gative, and two numbers, the one pofitive and the other
negative, may always be taken fuch that their product
thall be cqual to any negative number whatever, and yet
their fum be equal to a given quantity x; and this is done
by taking the pofitive one as much greater than x as the,
other is negative; for thus it is evident the pofitive and
negative numbers may be increafed without enid : where~
fore there is no impoflibility in the fuppofition when p is
pofitive; and therefore then the formula ought to exhi-
bit only real quantities, that is, in all the cafes after the
16th in the table of forms, as we have before found.
But the fame thing cannot always happen when p is ne-
gative, or — ;p = 2y is pofitive: for that 2y may be pofi-
tive, the figns of the two factors % and y mutft be alike,
either both + or both —, that is, both + when the fign
of xis +, or both — when thatis — : but it is well known,
that the greateft produét which can be made of the two
parts into which a conftant quantity » may be divided, is
when the parts are equal to each other, or each equal ;,

and therefore the greateft produét is equal to gx]‘ or x*:
wherefore if ;x* be equal to or greater than — ;p, the
condition which fuppofes that zyis = — 3p, is poffible,

and the formula ought to exprefs the root by real quan-
tities



and Infinite Series. 409
tities only, otherwife not; but zx*, or z7*, which is the
fame thing, is always lefs than — 3 in the firft thirteen
cafes of the table of forms; and therefore in all thefe cafes,
which are thofe in which .{T is greater than 14", orall
thofe which have threereal roots, the formula ought to
exhibit the root with imaginary quantities, as we have
before found to happen; the 4th and 13th cafes only
excepted, in which 5‘3 is = ;7'1, and therefore the quan-
tity v/4* — @* vanifhes, and two of the roots are equal.

48. Thus then the real caufe of this circumftance is
made manifeft, and it is found to be the neceffary confe-
quence of the arbitrary hypothefis which was made,
which is found to be poffible only in certain cafes. So
that we cannot expect the formula to exhibit a real quan-
tity in the other cafes, fince an impoflible hypothefis

muft needs lead to an abfurd conclufion.

49. The other two roots — ”'—;f — d\/ —3 in their

generdl ftate appear in an imaginary form, but on the
fubftitution of numbers for the letters in any example,
they come out real or imaginary quantities in thofe cafes
in which they ought to be fuch. For sbeing = g + v/x5,

and d = g = v/=b according as the roots are all real or

only one is fuch; and - ’-%1 = —g=~—7r always half

the one real root, we fhall have -'-;— = Vx4 according to
7 the
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the faid two cafes; and confequently ‘-El' V-3=V23h

a real or an imaginary quantity according as the roots
are to be real or imaginary.

5o. The firft root » being found from the formula
Vo +V5 +a + V- Vb + aor by any other means,
the other two roots may be exhibited in feveral other
forms befides the foregoing, as may be fhewn in the fol-

lowing manner.

51. The equation being x* + px = ¢, and one root 7,
by fubftitution we have r*+ pr=gq, and, by fub-
x3-r’+p.x~r=o0, and,

traling, itis - - =
dividing by x — 7, itbecomes x* + rx + 7* + p = o.

Or this fame equation may be found by barely di-
viding * + px — g = o by ¥ — 7 = o, for the quotient is
X +rx +7r*+p=o0. And the refolution of this qua-
dratic equation gives ¥ = —1r=vVp —ir=-lrx
'V/=4p - 37 the other two roots. And from hence
again it appears, that thefe two roots are always imagi-
nary when p in the given equation is pofitive; as alfo
when it is negative and lefs than $7*; which again in~
clude all the cafes of the table of forms after the 1 3th.

52. Again, fince 7* + pr = g, therefore 7* +p =1,

and7* = ~p+%, and —37" = 3p - 3; which being

3 {ubftituted
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‘fubftituted in the above value of the two roots, they

become —}r:!:}\/*p—— 3—}

53. And again, if ~ p be expelled from this laft form
by means of its value #* — I, the fame two roots will be
exprefled by ~Jr=ivVr -4 = — 1y x 1= \/—1—“:—?.

54. And farther, if 7* be expelled from this laft form
by means of its value g — pr, the fame two roots will alfo

become ~ L7 x T eN1- 4o pa JUEH,
g—pr : pr—g
55. We might have derived the above forms in yet
another manner thus. The firft root being 7, let the
other two roots be v and w: then we fhall have thefe

two equations, namely, v + w= -7, and vwr =g,

orvw =3 from the {quare of the firft of thefe fubtratt

four times the laft, fo fhall ©* - 20w + w* = #* — ¥; the

root of this is v ~ w = V/7* - irf , Which being added to,
and taken from v + w = — 7, and dividing by 2, we have
:j,}:-;r:t;\/r—ﬂ——— 7% 1+\/1— , the fame

with one of the formulax above given; and then by fub~
ftitution the others will be deduced.
56. To illuftrate now the rules ¥ =5+ d, or

_ _*:{_’ ‘=¢y/_3, by fome examples; fuppofe the
VO‘L‘ LXXo 1ii glven
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given equation to be x*— 36x = g1. Here p = — 36,
g=91, a=ip=—12, =2 then ¢ =vp + g =
\/mzx/%@:%, s=Vb+ec=vV2+l=
V64 =14, and d=Vb—c=VE-2 =27 3.
Confequently, 7 =5 + d = 4 + 3 = 7 the firft root; and
- i;:..’f’ = ‘:{f\/ -3= 152—'—/—"—3- the other two roots, which.

are imaginary.
57. Ex. 2. Let the equation be x*+ 3ox = 117,

1y,

Here a=1p=1o0, b=1g="{; then ¢=vVs +a’

=18 1000:\/22—3—9:'—1—3, J:\"/b+c:\3/‘zﬂ+iz—3

4
=YL =Y125 = sandd=Vb—c=VZ -8 = Y-8

= /-8 = —2. Confequently,» =5 +d= 5 — 2 = 3 the
firft root; and — ‘-'—:—d: ’"—Z—d\/—3 = ﬁy.‘z!:éthe other

two roots, which are imaginary.

58. Ex. 3. If the equation be ¥* + 18x = 6, we fhall
havea =6, and 4 = 3; then c =V4* + @* =v/g + 216
=v225=15, s=Vb+c=vV3+15 = ¥18, and
d=9/p—-c=3-15=Y—-12=—12. Therefore
r=5+d=18~ Y12 ="331313 the firft root; and

:+d_'_s—-d\/_3 — _ W18 -Wi12 AL RALRVE
2 2

the other two roots.
59. EX. 4. In the equation x* — 15x = 4, we have
@a=-5 b=2; hence c=Vi +a=vV4-125=

v-121
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Vetar=11vV-1, s=Vb+c=vVa+114-1 =
2+vV-nandd=¥b-c =2 - 11V -1 = 2 -vV/-1I.
Wherefore # =5 + d = 4 the firt root; and

..i_*‘._.d${._;.‘_’\/-3:-z=t\/-1.\/~3=-2:\/3

2

the other two roots, which are alfo real.

60.Ex. 5. The equationx? - 6x = 4.gives 2 = - 24and
&:z;thereforec:\/bl+a3:\/4.b 8 =v~4=2v-14
5=Vbtc=V2 +2vV-1=~1+v—1,andd=Vb-¢
=2 —2vV/-1=-1-+-1. And hence
r=s5+d= —2 the firft root; and
—itd oy imd/ s =1 v/—1 .V ~3=1=V/3which

2 2
are the two extremes, or the greateft and leaft roots. So

thatin thisexample,cARDAN’srule gives the middle root.
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:\f—%-‘-:%w/—% s=b+c=VY2+iV 7=
—342/—g andd=Vb—c=V3-5V—7 =
—3-1%/~7. Hence r = s+ d= ~ 3 the middle root;
and -—f—-:'—d_’—:-f'\/——g =3=xiVog.~3= 3+‘/“
the greateft and leaft roots.

63. Ex. 8. Again, from the equation a* — 12x=
— 8v/2, we have @ = — 4, and & = — 4+/2; hence ¢ =
Vi +a=V32-64=vV-32=4V—-2, s=Vb+c
=Y 42 + 4/ =2 =v2 +v/—2,andd =v2 =/ -2,
So that » = s +d = 2+/2 the middle root; and
—ii—d;.i_:—dx/-—g = -2 xV-2.vV-3=

2
—v/2£4/6=—=+/2 .1 = v 3 the greateft and leaft roots.
64. Ex. 9. But the equation x°— 15¥ = 22 gives
a=-5, and &=11; and therefore ¢= Vo + a3
=Vi21 - 125 =V~4 s=Ve+c=V11+V—4=
—1-+'-4, and d=-1++v'—4. Confequently

d -
r =5 +d= -2 the leaft root; and —L}_’zd\/-g

=1 £+/—4 .+v/~-3 = 1 =12 the two greater roots.
65. Ex. 10. Laftly, in the equation &° - 155 = 20,
we have 2 = — g, and 4 = 10; confequently.c = Vi i+ @
=+v'Ioo - 125 = V25 = 5V1, s=Yb+c=
V1o + 5v/~1, and d =10 - §5v/~1. ‘Therefore
r=
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r=5s+d=vTo + sv/—1 + V10— gv/—1 = the firft

root; and — s+d f.:-d\/—3 = — V10 + sv-14 V30 - 5v-1
' 2 2 2.

3, - 3
"~ \/ro + §4/—1 —; 54,10.— SV =1 \/__3

= the other two roots.

66. Hence it appears, that cARDAN’s rule s + d brings-
eut fometimes the' greateft root, fometimes the middle:
root, and fometimes the leaft roat..

Qf the Roots by Infinite Series.

67. Another way of affigning the roots of a cubic
equation, may be by infinite {eries, derived from the fore~
going formulz, namely, s + d and — =22 . 2= d\/ —3,0r
Vb+c+Vb-c and
—ixTbtctVb—cui=3xVb+c~Vb-c
For by expanding <4 = ¢ in an infinite feries,. we fhall
evidently have all the roots exprefled in fuch feries.

2¢ 2.56
68.Now s =Ya+c= \/bx.1+36 RS 9P&tc,

2 5
and d = '\/b - = \/&X I*’S;‘m 3691,18“'6‘
: : e o 3P e 2E __2:5.8¢ ,
Hence s +d=23bx 1 RTs 3.().9.12“8&..

for the firft root, as it was found by Mr. NICOLE, in the.
Memoires
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Memoires de P Aead. 1738. Alfo
S—d=JixiTy 2250 _2:5:8.11¢ g Therefore,

Vb 3 3 6.9t " 3.6.9.12. 155
std - sx - 28 2.5.
2 N Vb x i1 3.06° 3.6.9. 254 8.
.__,__s_——_e_i\/__ Tlacv3 . 2.5:’ 2.5.8. 1104
2 35 «/b' 7t 3 6.96 "3.6.9.12. 156* &c.

for the other two roots, which were given by cLAIRAUT,
in his Elemens d’ Algebre,

69. Hence again it appears, that when ¢* is pofitive,
thefe two latter roots are imaginary; for then the factor

£¥73 is imaginary. And that thofe roots are real when
FZ
this ¢* is negative; for then this facor becomes

i‘ﬁ% = igz%, areal quantity. But in this laft cafe,

the fign of every fecond term in the two feries muft be
changed, namely, the figns of the terms containing
the odd powers of the negative quantity ¢*; for the feries
contain the letters as adapted to the pofitive fign only.

70. Thefe feries are proper for thofe cafes only in
which ¢* is not greater than 4°; for if ¢* were greater
than 4, they would all diverge, and be of no ufe: and
the feries proper for the other cafes, namely, in which ¢*
is greater than 4*, we fhall give below.

5 1. That
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7 1. That ¢* be lefs than %, or the foregoing feries be
proper to be ufed, a or ;p muft be a negative quantity;
for if it be pofitive, then ¢* = 4* + &* will be greater than
5*. But for this purpofe 2 cannot be a7y negative quan-
tity taken at pleafure; for if it be fo taken as that 4% be
greater than 2.4 then fhall —¢* = 4% — 4" be greater
than 4*. And hence thefe feries converge only in fome
of the cafes of three real roots, and in fome of thofe that
have only one real root, namely, from the 16th form to
fomewhere between the 12th and 1 3th forms in the ge-~
neral table Art. 3¢. when & is pofitive, and confequently
it includes fome cafes both with and without imaginary
roots. But that in all the cafes, the firft feries

s+d=2Vbx:1- 322“ &c. is the greateft root, as

will ftill more fully appear by confulting Art. 83.

72. Now, in the firft place, when @ = o0, or ¢ = 3,
which is the limit, or 16th cafe in the table Art. 30,
the equation being x* = ¢ = 24, then the only real root

is:=€/b+o=\3/zb=.}/q=\3/bx;1.,.%..3_3_‘_)_,.&0.

Hence alfo, dividing by </5, we have

3y 1 2 2.5 2.5.8 &
=1+4+———+ - c.
Vi=1 3 3.6 3.6.9 3.6.9.12

73. But in this cafe alfo the root is

+ -— * -—-L_ 2. '8
J d-zwx oI 3.6 3.6.9-12 &C. Aﬂd
confequently
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confequently this is equal to the former feries, or

2 2.5.8 - 2 2.
X eI~ - 285 7 e, =g4 —o 2 g 28 g,
2 3.6 3.6.9.12 3 3.6 3.6.9
+5.8

= 2. Hence, by fubtradting 1 - 3—:"—6 - 3—79_—5 &e.

from both fides, we have

-2 _ 2.5.8 -1, 2.5 2.5.8.11
I 3.6 3.6.9.12 &, = 3 +3.6.9+3.6.9.12.15 &ec.

which multiplied by 2+/5 will alfo give the root of the
fame equation. And hence, adding -2 + -2:58_ g,
3.6

3.6.9.12
to both fides of the laft equation, we find that
I is :_+ 2.5 2.5.8 4 _225:8.11 e

+
3 3.6 3.6.9  3.6.9.12  3.6.9.12.15
Or, farther, multiplying by 3, and fubtracting 1, we have
2 ,2.5 2.5.8 2.5.8.
=% *e. PRI TR 9.12.15

74.A1fofrom2x.1--3—’—5~ 5981 &c. = V2 in

~ &c.

3.6
the laft article, we find —\/ 2 =
___2____ 2.5.8 -1, .5 2.5+8.11
I 3.6 3.6.9.12 8c 3 3. 6 9+3.6.g.xz.15 &c.
75. In this cafe alfo, namely, ¢ =4, the equa~
i :\3/ —— = 3 H _._c-m—-iff— )
tion d b~c=bx:1 3" 368 &c. becomes
O=bxt1 =0 25 g,
Vb x 3738 T 30605 XC
And hence, dividing by /4, and adding, we have

o1 2 +2.5 2.5.8 &c.

=

3 3.6 3.6.9 3.6.9.12
the {fame as in the laft article but one,

6. And
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76. And by taking other values of & and ¢, or other
relations between them, any number of infinite feriesmay
be affigned, whofe fums will be given by the two equa-

. 3 3 . < _ 2c* 2.5¢
tlons\/bic_\(bx tI 2 3.61,2:': RRTS _&c., And
if 5 be very great in refpect of ¢, the two firft terms of
the feries will give the cube root true to many places of

figures.

77. Hitherto is concerning one of the limits or ex-
treme cafes only, namely, when ¢* = 4%, or when the
equation is ¥* = ¢ = 24, And it has been obferved, that
the firft general feries for the three roots converges in
all the cafes of the equation x* — px = g,or ¥ — 3ax = 25,
in which 4° is not greater than 24*. But ¢* may be any
real quantity not greater than 2%, and {o it may be
either lefs than, equal to, or greater than 4°.

78. When, in this equation, &3 is lefs than &°, then ¢*
is pofitive, and lefs than 4, and the firft feries gives the
only real root without any change in the figns of the
terms. And to this belongs all cafes of the equation that
can fall in between the 13th and 16th formule in the
general table in Art. 30.

79. If a3 be = &%, then ¢ = o, and the three firft feries
give 23/b = ¥/ 44 for the greateft root, and — v/4 for
cach of the lefs roats. The fame as at the 13th form in
the general table Art. 30.

VoL. LXX. Kkk 8o0. When
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80. When &° is greater than &, ¢* will be negative,
and then, changing the figns of the odd powers of ¢?,
the three general feries will give the three roots of the
equation, which will ‘always be all real. In this clafs are
two cafes, namely, when ¢’ is lefs than &4°, and when
they are equal, which is the limit; for when ¢* becomes
greater than &*, the feries diverge.

81. Now when &% is between & and 24, then c*is
negative and lefs than %, and the general feries give all
the three real roots by changing the fign of every other

term.
82. And when #* = 24* then - ¢* = %%, and the three

roots become thus:

3 . 2 _ _2.5.8 2.5.8.11.14.
2/ x 1 +3.6 3.6.9.12+3 6.9.12.15.18 &c. the

firft or greateft root,

- .3 . _ﬂ!__z.s.s 2.5.8.11.14
\/bx'1+3.6 3.6.9.1z+3 6.9.12.15.18 &e.]

8.1x
= Ybhx Vgl - 28 4 25
3 3 3.6.9 3.6.9.!2.15

and

.

the two lefs roots.
83. The firft of thefe 3 is the greateft root, be-

c 3 . 2 2.5.8 .
aufe ¥4 x 11 + T T6 s K¢ is greater than

Vo x V3% :; - 53'-5—- &ec. for 1 +-3-2- 8&ec. is greater

is
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is lefs than 1. Sothat in general the firft feries gives the
greateft of the three roots.

84. But it is evident, that this cafe agrees with the
1oth form in the table Art. 30; in which the middle
root # is found to be V4 = V2g = —¥4b = — 2 Vi),
and the two other, or greateft and leaft roots, are
—irx1=V3=Vibx 1=V3.

85. Hence by a comparifon of thefe two different

forms of the {fame roots we find
2.5.8 2.5.8.11.14

V3t .2 o _
270 I+3'° 3.6.9.12  3.6.9.12.15.18 &c. = a,
and V31 _1 _ 2.5 2.5.8.11 g oo

272 ~ 3 3.6.9 3.6.9.12.15
86. And by adding and {ubtracting thefe two, we find

v3 = 1,2 2.8  2.5.8 L
va I +3 +3-6 3.6.9 3.6.9.12 ++ &c. and
I 1 2 2.§ 2.5.8
===+ - - — —++ —~—&C. =C.
/2 I 3+3-6+3.6.q 3.6.9.12

V3+r M3—1.o 1 sl 3
87. Alfo, becaufe T X e S oo which is

=7 x -é; ; therefore the mean proportional between
the two feries A and B, is to the feries ¢, as the fide of a
{quare is to its diagonal.

88. Moreover, to and from the two feries A and B,

adding and fubtraéting the two feries in Art. 74.
Kkka namely,
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V2 2 2.5.8
3 X 3 s - — — 4 —
namely, ;2 or - =1 - T & =
1 2.5 2.5.8.11 . . .
3--+3.6.9+3.6.9.12.15.2»cc. we obtain the 4 following

{eries :
V3+J4tr _' 2.5.8 _2.5.8.11.14.17.20
vz I 3+6.9.12 3.6:9.12.15.18.21, 24&‘:'
V3HETa=T ' 1 2.5.8.11 2.5.8.11.14.17.20.23
ez +3 6.9.12, 15+,3.6.9.12.'15.x8.2-1,.24‘.2‘7‘&c'
V3-4tr _ 2 2.5.8.11.14
a2 36 +369.12 5. IS&C'
Vg-«/4--l - 25 5.5.8.11.14. 0%
42 = .3.6.9 3.6.9.12.15.18,.21 &ca
89. It al‘fo.appears, that the feries
=T 42 4 28 2.5.8 = 2.5.8.11 8.

3 3. 6 + 3.'6‘-9. 3+6.9012 3.6.9.12.15

s the reciprocal of the feries
T e

‘where the figns of the former feries are found by
changing the figns of every other ‘pair of terms in the
latter; namely, omitting the firft term, change the figns
of the 2d and 3d terms, then pafling.over the 4th and
5th terms, change the figns of the 6th and 7th; and {o

-on. For, by Art 86. the former of thefe feries isequal to
\S/I—z; and, by Art. 7.2. the latter is equal to </2.

90. Let
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go. Let us now confider the cafes in which ¢* is
greater than &%, which include all the cafes not compre-
hended by the former, or in which ¢* is not greater than
&*. And this, it is evident, will happen both when 4 is
pofitive and when negative; namely when 4 is any pofi-
tive quantity whatever, or when it is any negative quan-
tity, and 4 greater than 24*. And in thefe two clafles,
¢* will be pofitive or negative, according as.# is pofitive
.or negative.

91. Now the feries in this clafs will be found the
fame way as in thelaft, by only writing here the letter
¢ before the letter ; for then we fhall have 5= /¢ + &,
andd=v/—c+b=~Vs— b
: hens::\/ET \/(:x.1+1'-- LA "2'(3‘"”;@

3¢ 3.6:
andd 6‘ =/ x I 3c+3.6c‘.+3.6.9c"&c'
_ 2b _3 2.58*  z.scBaardt o
HenceJ +d= e x 3 + 3.6.9&"'+_3.6.9.-12,15&‘ -
the 1ft reot, and was given by cLamrauT. And
L skd -5 _ 1 2,58 2.8 8 1188 4.
2 _ _4’/_c‘-x'§+3.6.9c‘+3.6._9'-12 15c o

o 3=d . : 25 2.5.85
== e - . hand
x/ 3 Ve -3 %1 76~ T ke

for. the other two roots, which, I believe, are new.
92. Here it again appears, that when ¢* is pofitive,
the two latter roots are imaginary; becaufe then

2 4%6‘
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V¢ x v/—3 will be imaginary. But if ¢* be negative,
thofe roots will be both real; fince +/¢ x v/—3 then be-
comes Ve . V—1 x V=3 =Vex —vV—1 x V—3 =
— ¥c x v/3. The figns prefixed to the terms as above,
take place when ¢* is pofitive; but when ¢* thall be ne-
gative, the figns of the terms containing the odd powers.
of it muft be changed, And thefe feries include all the
cafes:in which the former ones failed by not convérgihg,
So that between them they comprehend all the cafes of
the general cubic equation x* % px = g, as they each re-
ciprocally converge when the other diverges, but in no
other cafe, except in the common clafs, in which cis = 4,
which happens at the two limits, namely, either when
ais = o, or when — g* = 24*: and then they both give
the fame roots. But in the other cafes they give the
.contrary roots; namely, when ¢ is lefs than 4, the firft
feries gives the greateft root; and when ¢ is greater
than 5, the latter feries gives the leaft root.

93. Now when & is any‘ pofitive quantity, the firft of
thefe feries gives the only real root, without any change
in the figns of the terms; the other two being imagi-

nary. And this includes all the cafes after the 16th in

the table in Art. 30.
94. When & is = o, or the limit between pofitive and

negative, as in the 16th form in Art, 30. thenis¢ =4,
4 and
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and the only real root, or the firft feries, becomes

2 b x:} 32 ‘659 + &c. which is the fame root as was

before found in Art. 73. So that in this 16th cafe, both
this feries and the feries. in Art. 67. converge, and give
the fame and only real root.

9r. When & becomes negative, then ¢* becomes ne-
gative, and the roots all real.  But in this cafe the feries
only begins to converge when — 4% = 2%° for then — ¢*
becomes = 4%, and then, making the proper change in
the figns-of the terms, the three roots become

It —odbx:l— 28 4 25811 ge the ‘
4 3 3.6.9 3.0.9.12.15 leatt

root, and

Yh o o1 _ 2.5 2.5.8.11
+\/on3‘ 3.6.9T3.6.9.!2.15&c.'

=35, . 2 _ 2.5.8 2.5.8.11014 .
\/ \/3)( I +3--6» 3.6.9.12  3.6.9.12.15.18 e

the two greater roots.
96. I have here faid, that the firft of thefe three roots
is the leaft of them. ‘To prove which, I affert, that

p4 2~ 258 i i
s/3x.1+3_6 Séoa &e. is greater than 3 times

125 g, for gx i~ —-25. &e, =1-23 &c
3 3.6.9 3%i3 7369 6.9 T°

is lefs than 1, whereas 1 + 3—23 &c. is greater than 1.

Confequently, the lefs of the two latter roots, namely,
Vb
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Vb */3x.1+ = &c. ~ \’/b_x:——% &c. is

. 2.
greater than the ﬁrf’c root 2/5 x : I 6 s &c. ‘That

is to fay, here the firft is the leaft of the three roots,
while in the other clafs of feries the firft is the greateft

root.

97. Hence, comparing the value of any one of the
roots here found, with the value of the fame root as
found in Art. 82, we obtain the relation between the two
feries that are concerned in themy, namely, that the feries

8.
142 2-5-8  2.5.8.11.14 g i tothe feries
3.6 3.6.9.12 3.6.9.12.15.18

_1_25+25811_2581114.17 &c.

3 3.6.9 3.6.9.12.15 3.6.9.12.15.1%.21

~/3+1istov3—1, or as z++3t01,o0r as [ to
3 3 ’ 3 ’

2 — +/3, which are all equal to the fame ratio. And the
fame thing appears from Art. 83.

98. When — @* becomes greater than 24°. —¢* is
greater than 4y and, by the proper change in the figns,
the feries for the roots in all cafes of this kind become

-2b I 2. 54" 2.5.8.118% .
1t 5= e T +3.6.9.!2,.15c4&c.theleaﬁroqt.

as

: 4
[* 70255 - il + T o) e Ve
and 37 8 greater
2 2.5.80* t
1-.\/0 Vi3 x:a + 5o 3.6.9‘.12‘4&&) TootS,

99. Let us now illuftrate all the foregoing feries for

the roots of cubic equations, by finding by means of
them
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them the roots of the e¢quations already treated of in
Art. 56, &c.

100. And firft in the equation x* - 36x = g1, Here
p=-36, gq=091, a=-12, b=45;, =0 +a
=451 — 123 = 3423 which being pofitive and lefs
than 4*, this cafe belongs to the feries

3 . - zcz.__ 2.5.8c _ .
20 x : 1 TR T T T &ec. in Art. 68.

Now g-— ‘i@-—i{’ =°'1653182. Then

T 8281 T g1
A= + 1'00Q0000
2c* .
B=_——pA = 0183687
_ 5.8 -
Cc= o 1R B = 11247
o Tr.rge® -
- 15.18£"C - 1061
_ 17.200': - _ 118
21, 245
— 23.268
F—-z7.300‘E" i4
— 29.32¢°
= F = - 2
33.36&"F
fum of theterms= *9803871
%

1°9607742 - log. 0°2924275%
Vo=J455 = = = ~ - 0'55267058

hence the only real root is 7 = = =~ 0'8450980

Voir. LXX. Lil That
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. O Y 237 __z.5.8.37
Thatis, ¥ =71s =2,}/> x 11~ Thor T 7o ot &c.

101. The other two roots are imaginary, and in
Z1EY35 but by means

Art. 56 they were found to be =
of the feries in Art. 68, they are here found to be

:_7.-4-[__‘/_"3)(:_1_.;._2..'._5.5.._-{.85(;,

2 e T T g 3.6.96°
Confequently we obtain thefe following fums :

2

To3fr o 2.377 2.5.8.39% 2.5.8.11.14.3%°

2 N 9:—1 3.6.91% 3.6._9,.11.91‘ 3.6.9.12. 15,.18.91°&C'
13/91" 1 2.8.37° .5.8.11.37%

37V 22 T * 3.6.9.91* " 3. 6 9.12. 15 91’ &e.

102. Ex. 2. In the equauon X'+ 3ox =117, We
have @ = ;p = 10, 1q=111= 58 and ¢’ = 0" +
8 = f%?j’, which bemg pofitive, and greater than &%
the proper feries for this is that in Art. 91, namely,

L 2b L1 2.56  2.5.8.110%
¥ =X ';*3.6.9&4'3.6.9.”-.15[4"'&C-

Now : = %7 = 7738308. Hence
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= 48 §i = 7'128

feries inverted 124

=6.9c"A
8. 115?
c= 1 pg= 1

12, 1§5¢%

Lyt o T
14 I7—C
18 . 21¢°
20 .235?

8
9
E:z4.z7—c-;D: 5
3
2

_ 26 . 298”
30. 336
— 32388
G =
2
H = 38. 4:&_2 G =
42 . 45¢
440478 -
48 . g1c® H =
5<>~535’I —
s4 57t T
{fum of the terms =421

LY
Thatis, ¥ = 3= 227w ¢ 2 422570 4 &g
4 3= 1\/2 . 133° 3 3.6.9.133 .

103. By the other feries in the fame article the two
imaginary roots come out

the root ¥ = 3'000

I=

1

=-dxye.V-3xi1- ~ &c. which were be-

fore found in Art, 57 tobe — 3 = %\/ —3. Confequently
7\/ 2,011 2.5.8.119%  2.5.8.11.14.015°
;‘3—_7; 3.6.!33" 3.6.9.12,133* 3.6.9.12.15.18.133°

133° 1 2.8.119% 2.8.8. 11, 1174
/AL NSRS + + &c.
59\/ 2" 3 -l-_—‘/,.(>.‘9.x3,g,z $.6.9.12.15.133*

&c.

Lll e 104. EX
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104. Ex. 3. Inthe equation ¥* + 18 = 6, we have

a=6, b=3, ¢ =g + E:\/zzs = 1§, real and
greater than 4, and therefore thiscafe belongs to the fame

. o 5
Leries as the laft example.  Now = - = ;E =+04, and
¢ 2 5

B . 6 \3/2_ =1l¥120 =+"96. Then

Vel /225 f25 3

A== ='3333333
o 2.88° _
B=goaA = 24692
_ 8.1 _ 8
C_—xz.xgc"‘B_ 4°3
D= 1——-—4'1‘1: 12
8. 21c¢

mrrm—

3358520 - log. 1'5261480

V96 - = - - 1'9940904
the root ¥ = *3313130 - - 15202384
And then the two imaginary roots are
—3%-3.1}:!:\3/6'.\/—3 Xx:I -—3.’2;8:0.‘

105. But, in Art. 58, thefé three roots were found

. V18— Y12 Y18 +
to be /18 — Y12, and - = 2‘/1 L 2V~ 3
Confequently we have
J18 + A1z 2 2.5.8 .
YT =I- 3.6.25° 5.6.9.12.25° &c.
V18 — Y12 3/25 1 2.8 2.5.8.11
1 \/3 R +3.6.9.15“+ 3.6.9.12.55.35% + &,

106. EX
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106. EX. 4. Inthe equation x°~ 1 §x = 4, we have

a=-5, b=2, and c=vb +a =v—121=11v—1,

imaginary and greater than 4, which belongs to the fame

feries as the laft 2 examples, but changing the fign

where the odd powers of the negative quantity ¢* is con-
cerned, as in Art. 98

2 .
Now ——-—’— =%, and 7 ,: 3/-%. Then
11* 121 4/121
+ —
1 ! — 2.58%
A:T = 33333338 "6.9&"\ = *0020406
_ 8. R 700 V7 A
c—xz.xg—c:;B— 33°D—18.2170— 7
+ *3333663 — 0020413
~ '0020413

the feries = *3313250 =~ log. T°5202543

34%”;’ - - =~ 39077982

the leaft root = - 2679492 ~ = 1°4280525
107. To find the other roots by this method, we

mutft fum the feries &/z.v/3 x 1 1 + ;’.—% - &c. And

as the terms of it are found by multiplying the terms a,
B, ¢, &c. of the former by %, 2, 3, 77, &c. refpective-
ly, we fhall therefore have
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1t

[0 -jue

I
0'0036731 |y = 3C = —'0000450
8

+ 1°0036739
~ 0000450

H

Qs ob 8
i
w

I

i
e
it po
o

1]

feries = + 1°0036289 ~ log. 6‘c015732
JII - - = = 073471309
V3 <« - = - 02385606

= 3'8660254 =~ 0°'5872647
2 the Jeaft root } +o-1339746

with a contr. fign
fum + 4'0000000 greateft root

diff. — 3°7320508 middle root.
108. But the fame 3 roots, found in Art. 59, are
alfo 4, and — 2 =+”3; which being compared with the
feries in this example, we find

1+29/3 2,2° 2.5.8.2* 2.8.8.11.14,2°
2/11 I +;l,.6.u2 3.6.9.12.:1‘+ 3.6.9.12.15.18.11°&c'
2

2—+3 3 — 1 _ _2.5.2 2.5.8. 10,24
4 V12T = 3 3.6.9-.11"+3.6-.9.:2.15.11" &e.

109. Ex. 5. In the equation x* — 6y = 4, we have
a=-2, b=2,and ¢* = 4" + a* = 4 - 8§ = — 4, which
being negative, and =47, this cafe belongs to the feries
either in Art. 82 or 95. The operation of fumming
the terms by them is here omitted, becaufe fo much

room
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room would be neceffary to fet down fo great a number
of™terms, and as the properties arifing from the feries.
in this cafe have already been noticed above. The 3
roots of this equation have been found in Art. 60 to be
—2and 1 =3,

110. EX. 6. In the equation &3 — gx = — 10, we
have g = - 3, b= - 5, and ¢* = 25— 27 = - 2, which
being negative and lefs than &°, the general feries in Art.
68, with the neceflary change of the figns, will give
the 3 roots. Now;-: S—=—= 08, and /o= ~\V5,

alfo °73 =¥ Hence

K72 V23
A= = I
z“z 9 — 5'8“2 Y Ve | .6
B = TR S 00088889 C = mB = °0002034-
2
o et =72 5=
b= x5, wpC = 120 VE 2 D 7

+ 10089009
~ 0'0002641
+ 10086368

2

~ *0002641

2'0172736 - - log. 0°3047649
JVb=Ys5 -« - = = 02329900

the greateft root = - 3°44948974 - 075377549

1 I%. Then
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111. Then for the other roots, by mult‘iplying the

terms a, B, C, &c. of the former by 3, 3, 5, &c. we have

1 ol

@ =1A =°3333333 | 6={B '0049383
=qC= 1931 = 4D = 97
s =HE= 6 — '0049480

+ 3335270
— 0049480

‘3285790 - =~ =~ log. 1°5166398
e = - = = - T9230956

..

vy
the fecond feries = °27525513 = = 1°4397354
L the greateft root + 1°72474487

-

middle root 2°00000000

feaft root 1°44948974
112. But, by Art. 61, thefe 3 roots were found to

be 2 and - 1 = 6; which being comparéd with the fe- -
ries belonging to this cafe, we find

V641 _ 2.2 2.5.8.2°  2,6.8.11.14.2°
205 T +3.6.15_3.6.9.xz.z;" 3.6.9.::.15.:8.:53&(:

V6-2 , T 2.8.2 2.5.8.11,2%"
——y 25 = — = + - &c.
4 v 5 3 3.6.9.26  3.6.9.12.15.25"

113. Ex.7. Inthe equation X% — 12x = g, we have
175

a=—4, b=2 and ¢ — 64 = — -7, which being

4
negative, and greater than b’, we fhall have 3 real roots

by the feries in Art. 98.
3 Now
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3* _ 8t 5 _ 9 _ 3f19
Now 5=0% 77 = 7 \/uo' and
— 8118 — 6/
\3/0_.\/7_\/43 75. Then
1 - _a.55 —_ )
A= ="33333 | B =54 ='02857
_ 8. _ _ 7% ¢ 1
_Iz.l—s_c_':B - 647 D_18.zlz—’c_ 188
. 235 6. 293
Ezzozab = 62 FZi—ig-bE-': 22
24.29¢" 30.33¢
— 32 388° _ 38.416"
2D F = 8lu=2"-—c=
T 36.39¢ - 45¢ 3
5 b
PR LY Laprae I so $38° L 1
48.51¢" T 54 57c
+ 34051 ~ ‘03071
- ‘03071
‘30980
2

‘61960 -~ - log. I*7921114

37729
= - - - 01062198
\/350 9

—

the leaft root = — *79128 - - 1'8983312

114. Then, fince the terms of the latter feries are

found by multiplying the terms of the former by the
fragtions %, 3, 13 7 &c. they will be thus:

Vor. LXX. Mmm a=
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@a=3A = 1'00000
—_ 1 —
E=2B = 5143 7—,2—,70_ 00882
d=%#Dp= 232 E=E= 73
{=387F = 23 n=3%6= 9
d=4u= 4 i=H1= 1
- *0096
+ 1'05404 955
- 0'00965
-1'044.39 - - - log. 00188627
V4375 = = = = - 02734963
V3 - = = = = = 02385606
laft feries = 339564 = = 0°5309196
~ ; the firft + 0°39564
greateft root + 3'79128
middle roct ~ 3°0o000

115. But, by Art. 62, thefe fame 3 roots are, - 3,

3 =4/ 21

2

qnd

; which being compared with the feries be«

longing to this cafe, we find

2. 81 2.5.8.81%

M+ 9 s

12»“/35—0—\/6 =1 3.6.175  3.6.9.12.175° + &e.

V21-3 4 1 2.5.81 2.5.8.11.81%

Mgy eg = - &c

36 V'35 3 3.6.9.175 " 3.b.9.1z2.15.195%
116. Ex. 8. Inthe equation &% — 12x = — 8v/2, we

bave g =~ 4, 6=~ 4v/2, and ¢* = 32 — 64 = — 32,
which being negative, and equal to 2%, the 3 roots will

be
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be found, by both the forms of feries, like as in Ex. s,
Art.109; but the operation is here omitted for the fame
reafons as were there given. ‘The 3 roots of this equa-
tion were, in Art. 63, found to be 24/2 and —+/2 =/6.
117. EX. 9. In the equation x¥°— 15x =22, we have
a=-5, b=11, and ¢* = 121 — 12§ = — 4, Which
being negative, and lefs than &°, the feries in Art. 68

give thefe 3 roots :

Greateft 2c* 2.5.8c*

— 03 . - -
et = 2/ TI X I sy 3.6.9.”64&0.
3 . 2c* _ 2.5.8¢c4
The two VIDx:I+ 3.65" 3.6.9.128 &ec. where
lefsroots 23 s z.5¢ 2.5.8.11c%, .6.1:_4’_
* Wizt X 3 3.6.90" 3.6.9.12.15&“&(:' b* 121
Here
A= = 1'0000000
2[2 g 802
B=——A = 6731|c = &= = o
1160 30731|c o B 000045
_11.14":" _
D= 15.:86"0 - 8
+ 10036739
~ 0°0000450
1'0036289
2

2'0072578 = = log. 0°3026031
V11 - = - 03471309

et e e el

the greateft root = 4°4641016  ~ = 0°6497340
Mmm 2 118. Again,
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118. Again,
=34 =°3333333 | €={B ='0020406
a\ 1

¥=15C= 330 | d=3D= 7
+ 3333663 — '00204I3
~ '0020413
3315250
2
‘6626500 - - log. 1'8212842
V'3 - - - 02385606
vi2l - - = —06942618
the latter feries = +2320508 - - 713655830

+ the firft — 2°2320508

middle root = — 2°4641016
leaft root = — 2°00coo000
119. But, by Art. 64, the 3 roots are — 2 and

1=+'12; hence
tt2v3 2. 2" -5.8.2% 2.5.8.11,14.2% &c.

—= =1+ 2.5
P2t 3.6,11% 3.6.9.12,11% ° 3.6.9,12.15,18.11°
2—v'3 3 -1 __2.5.2 2.5.8. 01,28

4 \/121—— 3 3.6.9.11"+3,6,9,13_,15,“4 &ec.

120. And in this manner the roots of cubic equations
may always be found by thefe feries; and then by com-
paring them with the roots of the fame equations, as
found by other methads, we fhall obtain as many feries
as we pleafe, whofe fums will be given.

121. Hence
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r21. Hence alfo we may find the fum of any gene-

ral feries of either of thefe forms, namely,

: .5.8g* .5.8. 01,148
P78 2578 o 2.5.7.01-148 gre or

.6 . 6.9.12 ' 3,6.9,12,15.18
3 3 9 3 9

2.88" 2.5.8.118% 2.5.8.11,14,175°
- = -
T 3.6.9 +3~.b.9,,u.15—3.6.9.12.15.18.21 &c. by com:

paring them with the roots of. given cubic equations;
whatever be the value of g, not greater-than 1..
122. For, by Art.. 68, Voo + Vb= 235 x

2c* 2.5.8¢* o .
1- %7 3_6.9.12&&0. is = the greateft root of the

cubic equation &3 — 3V/&'~c*.x = 26, Now make

H
3

26 =1, and ;; = ¢*; fo fhall the above become.
3/ : 3/7 . 2 g 2.5:88% o _ 3.
FVIHE + VI-g =1~ =g — 2= &c. =the great-
3. 3.6.9.1
I

eft root of the equation x*—3v'1 —g . x= 2, And

2 -
when g* or ;; is negative, thefe become-

T LT . 18 2.5.8g
Wi/ -1 4+ WV i1-gV 1—1+;—6,53_m+&c,

. . 3/
= the greateft root of the equation x3 —3V'1+g%. & =4.
So that in general the infinite feriés
28 2.5.8¢%  2.5.831v.1ag is
I= 5.6 3.6.9.12 +3.6.9.12.15.18 &ec..

=1V f:;f =1+ 2V~ —gv/=1 =the greateft Toot of the
I+g*.x.=2 Where the upper and

equation x3 — %\3/ I8 %= 7
under figns refpectively correfpond to each other.

123. Again,
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123. Again,

— a2 T L g.8. 1108
\3/6+5—\70-ﬁ=73/17x:-§-+ L LLLAB 1o

3.6.9¢"  3.6.9.12,15¢*

is the leaft root of the equation #* + 3V c—b".x=2b.

Then, by taking - =1, and 2 = g%, this becomes

Y e YT o 2
Vitg—wi-g 1, 2.5¢ gr¢ = the leaft root of the
28 3 3.6.9

™)

» YT : :
equation &* + #——-fx = 7 And when g”or¢* is ne-

gative, this becomes

PR

V1 +g'\7——1-—\3/1-g\/—x_1 2.58"
284/ —1 =3 7369 + &c. = the leaft root

YT 2
. jon g3~ Wit =L -
of the equation x e ¥=7 So that in general

the infinite feries

x o, 2.5 2,5.8. 114 2.8.8.11.14.17¢8° .
3 3.0.9+3.6.9.12.15i3.6.9.12.15.18.21 &c. 18

I

S T gy e —i—gw =1
= ViteV =i VImgV =L g Jeaft oot of the equas

- 284/ =1
. Wi =g +1
S ——— = —°
tion x 4g2 X 4

Of ithe Roots by another Clafs of Series.

124. But there are yet other feries, converging much
fafter than thofe in the foregoing clafs, by the help of

which, and cARDAN’s rule conjointly, may always be
found
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found the roots of thofe equations in which that rule
fails when it is applied fingly, that is, in whatis called
the irreducible cafe, or that in which ¢* is negative.
And thofe feries are found by introducing another cubic
equation having the fame values of 4 and ¢* as the given
equation, except that in the new equation the value of
¢* is pofitive, while in the given one it is negative. For
when ¢* is pofitive, the new equation to which it be-
longs has only one real root, and that root is always
found by cArRDAN’s rule; but the contrary takes place
when ¢* is negative, the equation having then three real
roots, although they are not always determinable by
that rule, becaufe the radical quantities can {feldom be
extralted, on account of the fquare root of the nega-
tive quantity which is contained in them..

125. Now the gencral expreflion for the root by

cARDAN’s rule being § + d = /b + v/ =¢* +/b—+/=¢* or
SV E b — V= —b, if the cubic roots of each of
thefe be extratted by the binomial theorem, as at Art..

68, we fhall obtain thefe 4 forms;

I.\3/b+\/+cz+\3/b—-\/+€z=’2\’/bxv:1— w - &ec.
2. Vo+N ¢+ Vb- EGEEN/ RS T 651—&0.
3. \'/\/+c+b—\/x/+c—b::-,——zx:%+3’6si + &c.
G4 V= b=V —b= ,x.-—%+32652: -&ec.

126. Of



442 Dr. BUTTON o#n Cubic Equations

126. Of which the feries in the firft and third de-
note the only real root of the equation when ¢*is pofi-
tive, according as ¢ is greater or lefs than 4, which root
call x; and the feries in the fecond and fourth forms
denote the greateft and leaft roots of the equation when
¢* is negative, which roots call R and 7 refpettively.
Then by adding and {ubtrating the firft and fecond, as
alfo thethird and fourth, there refult thefe four equa-

tions ;
2.5.84 2.6.8.11.14.17.20¢°
3.6.9.1254 3.6.9.12.15.18.21.2.‘,&'&("‘

R+ X= 450 x 11—

2 6
g — 43 W 2 2.5.8.11.14¢
R X—‘4\/bx'3.6£‘+3.6.9.:z.1__5.186°+&C°
Y L N 2.5.8.1184
X —1r= 5 x i LIy + &c.
b .58 w§e8.11.14.178°
X+r=ox i ol SLARLELL LY LU TR

“3.6.9¢" " 3.6.9.12.15.18.21¢
127. And hence, by equal addition or fubtraction, we

find thefe two different expreflions both for the greateft
and leaft roots of a cubic equation in which ¢* or 5* + &8

is negative, namely,

2.5.8c% 2.5.8.11.14.17.20¢°

3:6.9.128%  3.6.9.12.15.18.21.245° &c. or

R=—X+ 47 0x 11—
_ 3 , 2 2.6.8.11,14¢°
R=X+ 400 x: 3.65° + 3.6.9.12,15.188° + &c.
2.5.8, 115 2.5.8.11.14.17.20.235°
3.6.9.12.15¢* 3.6.9.12.15.18.31.24.27 &c. or
4B x 2,44 + 2,8.8, 11,14, 178°
Vet T 3,609 3.6.9.12,15.18,216°
where R is the greateft, and 7 the leaft root of the equa-

I tion

re=x—4-x:— 4
c 3

+ &c¢.
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tion ¥* ~ 34x = 26 or x° — 3\3/;_4-—5’-.».9::: 26, and x
the only real root of the equation &% + 3¥/¢* — 4" . x'= 24}
in which, as well as in the above feries, ¢* denotes a
pofitive quantity.

128. And hence it can no longer be faid that cagr-
paN’s rule is of no ufe in the folution of cubic equa-
tions that have three real roots ; fince they have here
been reduced to the other cafe inwhich the equation has
but one real root, which cafe is always refolvable by
that rale. And the firt hint of fuch reduétion I re-
ceived from FrRANCIS MASERES, Efq. Curfitor Baron of
the Exchequer, he having done me the favour to com-
municate to me the fecond of the above four forms for
the greateft root, in a letter of the 177th of July 1779;
the inveftigation of which formula, together with thofe
of the other three, nearly as above, I had the honour
of fending him in a letter of the 26th of the fame
month ; and that learned gentleman has fince commu-
nicated to the Royal Society his faid formula, together
with his own inveftigation of it, done in his ufual very
accurate manner. Since that time I have feen, in the
Memoires de I’ Acad. for the year 1743, four expreffions
fimilar to the above, given by Mr. NicoLE for the pur-
pofe of fumming certain terms of a binomial raifed to

VoL. LXX, Nnn any
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any power, but unaccompanied with any appearance of
the idea of thus reducing the one cafe of the cubic
equation to the other.

129. Itis hardly neceflary to remark, that any ge-
neral feries of each of the above four forms, is fummed
by means of the fum or difference of the roots of thefe
two equations &% — 374 £¢* , ¥ = 24, and that by fub-
ftituting particular numbers for 4 and ¢, we may thus
{um as many feries of thofe forms as we pleafe.

130. Ex, 1. Wemay now illuftrate thefe formulas by
fome examples. And firft in the equation x*~15x = 4.
Here 24 = 4, and 3v/. bt = 15, confequently =2,
and ¢’= g5} = 4" =125 -4 =121 =11% and
X =Ve+bo—Ve—b=Y13~Y9=" 2712508 the root
of the equation x%— 3+ b —¢*.x=2b or
X+ 3V T;; . X% = 4. And as 4 is lefs than ¢, this’equa-
tion belongs to the two feries in the latter cafe for find-
ing the leaft root. Hence, the terms of the two feries
agreeing with the pofitive and negative terms of the fe~
ries in Art. 106, they will fiand thus:

By
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By the rft ferles : By the 2d feries

A =+3333333 B = 0020406
C = vooo330 D iz “qo00007

+3333663 - log. T°$2242r7 ‘0020413 ~ - [dgs 33099068
d__;s,_:‘a_, .. _4._6.__,_,_35:2 e e e .
725 \/ o 2089282 | 3 = =V 02088482
feries = ~ 5392000  1°731%7499 | feries = + 0033016 - 3-5187_:3;
X =+ 2712408 X = — 212508
y = — 2679492 theleaftroot | r = < *2679492 the fame roof,

Agreeing with the fame roet found in Ex.4. Art. 106.

131. But the fame root has been found to be
- 2 ++/3 i Art. 59, and Rence we obtain the fums of
thefetwo particelar feries; titus,
V13—-9+4 2.~ ¥ x 2.§.8.1r.2¢ :
-8 'ié/r;x :3 +3.6.9;13.15.x|‘+8ac'

Vi3=v9g—2+4 V34 - 2.§.3% 2.6.8.11.14.17,2% o
) V12t = 3.6.9:12° 3.6.9.lz.l;.xs.z_l.u‘&c'

132. Alo by taking the fum and difference of thefe
two, we have -

Wl;—y‘a 3 o1 2.5.2° 2.5.8.11.2%
& Q/_IZI.—-;'-, :"'3'.6.9.“1"* 3.-6;.9.. r2.15. 11 + &ec.
2.5.8

[ ~ M
z:ﬁ"\’,’lnﬁ*}_ 2502 4. S 8&cx

3.6.9411* ;.6..9.. 2. l.;.u."—
And this laft expreflion agrets with what was found in
Art. 108,

Nnn 2 133+ Ex.
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133. Ex. 2. Again in the equation x* — g& = - 10,
we have 24 = — 10, and 3V b+ e = 9; confequently
b=~5, and ¢*= 3° - J* = 27 — 25 = 2, which being
lefs than &* or 25, thisequation belongs to the firft clafs
of feries, or that for the greateft root. Now
x=Vbo+c+Vb-c=V-5+Vao+V-5-Va
== V5-Va2a-V5+V2
= — 358578864 — /6'41421356
= — 1'530600 — 1'858009 = - 3°388609 = the
root of the-equation x3 — 333 — ¢*.& = 25, or
x3 = 3\3/;.90 =—10. And the terms of the two fe-

ries are found asin Art. 110, namely 1 — :ié'—i;%— &ec.
=A-c—E- &c.='9997359, and ] ’;; + &c. =B +D+&c.
=+0089009. Alo 40=4Y-5=-4Y5=~+320,
Then

By the 1ft feries 1 By the 24 feries
°9997359 = log. 3°9998854 *0o8acog - log. 3'9494339
— #/320 - - = 0'8350500 - 4320 ~ . 08350500
feries = — 6838098 - ;3-3:9—3-;; feries — ~ 060881 - ’::a_;—fi;;g;
X = 4 33%8609 X = -~ 3388609
- .3_;49;;; the greateft root - ;;:«;:;o. the fame root,

And thefe values of the greateft root are nearly the fame

with that found in Art. 110,
134. But
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134. But in Art. 61, the {fame root was found to be
— 1 -+/6, hence we obtain the fums of thefe firft two
particular feries ; and by the addition and fubtraction of
thefe two arife the other two following them, namely,
1+ ~/6+,=/,5+«/z+e/5__ V2 _ I 2.5.8.2% &c.

73 T 3-6.9.12.5°
r 4 V645 :e/x;z - V5—V2 _ 3'26: "5, + 3‘2'(',5‘;?;2'!.’!';41;; + &c.
e T s T AFK I RENEA & B
vs+ ‘/’-:;/f’" Vizg- 32625 - 32.;>5::x':.15:“ ~ &,

And the 14ft but oneof thefe equations agrees with one
found in Art. 112.

- 135. Ex. 3. Alfoin the equation #* ~ 12x = 9, we
have 246=9, and v ¥ +c= 4; confequently 4=2, and
¢ = 4% = b = 64 - % =%, which being greater than
& or %, this cafe belongs to the fecond clafs of feries,

or that of the leaft roots. Now here x =+v/ ctb— b=
JELR - L = Y rrnagag8 - /2114378 =

2
2:2316619 — 1°2834950 = *9481669 = the root of
the equation x* - .3\3/32__—.5;-.‘.74 =2/ kor X+3 74 .x=09.
And the terms of the two feries being found as in Art.
113, namely, A +C+E + &c. = 34051, and B+D +F +

&c, =r03071, alfo ij;—beir;g = 4—932—(;—0,, we fhall have

By
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By the 1ft feries By the latter ferics
*ggo5t - log. Te332r299f 03075 - log. 34872798
. . 6
—es - - - 8 3 — = W e
T 0708279 o 9'70847?1
feries = — 1'73044% = 2404097 | feries = + 1568771 - T°1935596
X =+ 0'948167 ;X = ~ 'g481669
— 791274 the leaft root ~ 7912898 the fame root

Which méarly agree with the fameroot foundin Art. 11 3.

136. Butin Art. 62 the fame reot was found to be
32V, henge then we fhall have thefe firft two follow-
ing equations, and by means of their fum: and differ~
ence we obtain the other two s

20V 7.1 3630w 7 — 36 4 Wial = 3 5 o1 - 288081 o |
' V3so=+ FogiatsaTg oo

72
W20V7+36~¢720y7—36a'V3x +33 . 2.5.81 )
) K ‘ ‘/3'5'0 - 3..6..9.:7.’5L+ 8zc.
5‘204/7+3b-—6’zo«7«-36 V- v 2..5.8L .
= 4 2080t S
36 350 = 3 3.6‘.9.175 &c.
Vix--; 1 2.5 80 2.5.8 11,812 &
V350 5 T 3.69.75 T 3695 rg

And the laft of thefe agrees with one found in Art.T13,

137. Ex. 4, In the equation x%~ r5x =22, we.have
26= 22, and N 53 confequently = r1, and
=4t = izS - 121 = 4, which being lefs than 4* or
121, this belongs tathe firft-clafs of' feries, or that for

‘the greateft root.
Now
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Wow X = &’m+£/m=&’r3 +J9 =4'4314186 =
the root of the equation #° - 3v/ -1_17:: =22. And
the terms of the two feries being found as in Art, 117,
we have the firft = A - c~ &c. = 1 - 0600450 =
*9999550, and the fecond =8 + b + &c, =*0036731 +
“0000008 ='0036739. Alfo4¥0=4V11=704.
Hence,

By the aft ferics By the 2d feries
*9999550 - log. T9999805 '0036739 =~ log. 35651273
V704 - - - 09491909 V704 = - - 09491909
feries = + 8 8955200 - :«;;:7?; feries = 4 ‘0326824 -'z”_-;143.-sz
X = - 44314186 X = 4 44314186
+m4xox4 greateft root ] + :-4—64101 3 the fame root

Which nearly agree with the fame root found in
Art, 117.

138. Butin Art. 64, the fame root was found to be
1 ++v/12 =1 + 2v'3, hence we obtain thefe two firft
.equations following, and theif fum and difference give
the other two :

1+V12+4’/13+479_I_~ 2.5.8.24  2.458.11.04.17.20.2° —8&¢
411 - 3.6,9.12.11%  3.6.9.12.18.18.21.24.11° *
A+ V1215349 __ 2.2 2.5.8.11.14.2°
4/ 11 —'3.6.uz+3.6.9.:2.:5.:3.11“+&C'
Viz+dy _ 2.2° 2.5.8.24  2.5.811.14.2° 8¢
4T 1- 3611 3.6.9.12.11¢  3.6.9.12.15.18.11° *
14412 __ 2.2*  ~ 24.8.34 2 5.8.11.142° P
21 I+ 3.6.11° - 3.6.9.12.114 3.6.9.12.15.18.11° + &c.

The laft of which agrees with one found in Art. 116.
2 And
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And thus we may find the fums of as many feries of
thefe kinds as we pleafe ; as well as the fum of any of

the general feries, by means of the roots of given cu-

bic equations. As to the fummation of other forms of

feries by means of the roots of equations of other or-
ders, I fhall perhaps treat of them on fome future oc-

cafion.




